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Abstract
Simulation of the heat exchange between a solid body and a neighboring fluid is a common task in IC and MEMS design. In this paper, we demonstrate that model order reduction
can be successfully applied for thermal flow problems with a specified flow velocity. We
present the approach with an example of two devices: an anonemeter and IC board. For both
cases, good agreement between the results of the full model and the reduced model has been
observed. The total simulation time, that is, the model reduction time plus the simulation
time of the reduced model is comparable with the time needed for the stationary solution.
As a result, the inclusion of the flow with given velocity profile to the computational domain
does not increase the computational time significantly and can be used efficiently when it is
difficult to use convection boundary conditions.

1 Introduction
Many thermal problems require the description of heat exchange between a solid body and
a flowing fluid. The most elaborate approach to this kind of problem is computational fluid
dynamics (CFD). However, CFD is computationally expensive. A popular solution is to exclude
the flow completely from the computational domain and to use convection boundary conditions
for the solid model. However, caution has to be taken when setting these boundary conditions,
especially in selecting the film coefficient.
An intermediate level is to include a flowregion with a given velocity profile, that adds convective transport to the model. Compared to convection boundary conditions this approach has
the advantage that the film coefficient has not to be specified. A drawback of the method is the
greatly increased number of elements needed to perform a physically valid simulation, because
the solution accuracy when employing upwind finite element schemes depends on the element
size. A formulation for this dependency is the grid Peclet number (1.1).
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where v is the fluid speed, L is the element length in direction of the fluid
flow c is the specific heat of the fluid and κ is the thermal conductivity of the
fluid
Pe =

(1.1)

To ensure correct simulation results the grid Peclet number must be lower than 1.0 [1, 2].
Therefore, with increasing fluid speed, the element size has to be decreased, accordingly. This
results in a larger number of elements and therefore in longer computations time.
However, the given velocity profile leads to a linear system of differential equations. Then,
by means of model order reduction, a model can be generated that describes the system with
sufficient accuracy, but that is of much smaller order than the original one.
Two examples are used to demonstrate the advantages of model reduction. The first one is a
2D model of an anemometer, a flow meter based on convective thermal flow [3] (see Sensirion
AG1 for comercially available anemometers). The second model is a simple 3D model of a heat
source, e.g. a chip, acting as a constant heat source, that is cooled by air flow, a typical problem
in the heat management in IC industries [4].

2 Considered problem type
The considered models are generated with ANSYS® 2 using the PLANE55 and the SOLID70
element types, since these allow for computing convective heat flow. However, the velocity can
only set constant in a defined region, so it is necessary to approximate a flow profile by step functions. While it would be possible to generate a large number of regions, to approximate the flow
profile very well, the regions should not become too thin, as this would generate problems with
meshing the region. For the rather small problems presented here only a coarse approximation
has been used. This is depicted in figure 2.1.
Figure 2.1 a) shows the ANSYS model of an anemometer. The heater is included in the
upper wall. Approximation of the flow profile is done by three zones. The model consists of
approximately 19 282 elements and 9710 nodes, i.e. degrees of freedom (DOF).
In figure 2.1 b) a simple 3D structure is depicted. The heat source, e.g. a chip, is located in
the middle of a baseplate, over which air flows with constant velocity. Only half of the flow field
is computed here, it is approximated by four steps. Here 107 989 elements were used, resulting
in 20542 DOF.
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Figure 2.1: Computed models, a) 2D anemometer model, b) 3D chip cooling model

2.1 Mathematical formulation of the problem
Energy is a conserved quantity following a balance equation. Everywhere in the domain this
means, that the heat generation rate in a volume (q̇) has to equal the sum of the change of the
total heat (ρ c · ∂ T/∂ t ), the conductive heat flow (−κ ∇T ) and the convective heat flow (ρ c ·~v∇T )
across its boundary. The partial differential equation for the temperature T reads:


∂T
+~v∇T + ∇ · (−κ ∇T ) = q̇
ρc
(2.1)
∂t
where ρ denotes the mass density, c is the specific heat of the fluid, ~v is the
fluid speed and κ is the thermal conductivity
For the spazially discretized form one obtains a system of ordinary differential equations:
C · Ṫ + K · T = b

(2.2)

where the conductivity matrix K changes from a symmetric matrix for the case of mere conductive heat flow to an unsymmetric matrix due to the additional convection term. C is the heat
capacitance.
When computing large models (i.e. models with many degrees of freedom) or performing
parameter variations usually not all nodes of the model are of interest. Actually, in most cases,
information from only a few nodes is needed. These are referred to as ’output nodes’ in the
following. An output matrix E can be defined to link the output nodes y to the state vector T :
y = E ·T

(2.3)

3 Introduction to Model Order Reduction with mor4ansys
Model reduction has been already applied succesfully to thermal problems without convection
flow [5, 6, 7]. It has also been used for ground water flow problems [8, 9, 10], where the
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partial differential equation is quite similar to (2.1), except that instead of the temperature the
concentration is the variable.
Consider a model, i.e., a system of ordinary differential equations of order n. The number
of output nodes (k) is much smaller than the total number of nodes (n). There exists a reduced
model of order m (k ≤ m ≤ n) that solves for the output nodes with sufficient accuracy. The
task is to find this reduced model. The connection between the original state vector (T ) and the
reduced state vector (z) is given by the reduction matrix (V ), resulting in the reduced form of the
discretized equation:
T = Vz

(3.1)

Cr · ż + Kr · z = br

(3.2)

Since the focus of this article is the automated reduction with the mor4ansys 3 program, for
the theory of generating reduced models the reader also is referred to [11].
3.1 The mor4ansys program
Mor4ansys is software developed at IMTEK 4 . It requires as input a model’s system matrix,
which it derives from an ANSYS®binary file. Also, information on the output nodes and boundary conditions is needed. With this information, the program performs the Arnoldi algorithm to
obtain a reduced model of specified order. For a particular model, all data needed to perform the
model order reduction can be directly obtained from the ANSYS®files.
The simulation with the reduced model is performed with common linear algebra software
such as Mathematica®5 or Matlab6 .

4 Results
In figure 4.1, plots of the temperature field are shown for the last timestep. One can clearly see
the impact of the flow on the temperature. We would like to stess once more, that the description
of the same problem with a convection boundary condition would be quite difficult, because
information on the temperature profile in the flow cannot be obtained.
4.1 Computational Time
Performing transient simulations of large models is a costly task. The simple examples presented
above needed 3m1s in the case of the 2D model and 26m16s in the case of the 3D model to
compute only 100 steps on a dual Intel®Xeon™3.06GHz PC. But these examples are small
3 http://www.imtek.uni-freiburg.de/simulation/mor4ansys

4 http://www.imtek.uni-freiburg.de
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The MathWorks, www.mathworks.com
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b)
Figure 4.1: Temperature profiles of the computed models, a) 2D anemometer model,
b) Cut through the 3D chip cooling model

compared to models for productive simulations, and only few timesteps were computed. So
computational times can be expected to be much higher for a realistic simulation task.
Table 4.1 shows a comparison of the computational time needed to compute the model reduction and the steady state ANSYS solution. It shows that the reduction step takes about 2-3 times
longer than a steady state solution on the same mesh.
Geometry

Architecture

Reduction step
in mor4ansys

ANSYS
steady state

Flow Meter, 2D,
9710 DOF
Chip Cooling, 3D,
20542 DOF

Factor

Sun UltraSPARCII"450 MHz CPU

3.3s

1.8s

1.83

Sun UltraSPARCII"450 MHz CPU

56.8s

19.9s

2.85

Table 4.1: Comparison between computational time needed for the reduction step
and the steady state solution in ANSYS

However, computing 100 time-steps of a reduced model of order 30 (which is used for both
examples here) typically needs less than 1s. So with model order reduction the only costly
process is the reduction step, and it still is very cheap compared to a transient simulation of the
full model.
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4.2 Computational Results
The most important question of course is, whether the results computed with the reduced model
fit well enough to the results of the full model. For the transient simulation a step response is
computed, where the heat source is switched on, while the flow remains constant.
Figures 4.2 show the temperature progression at the heater, as well as the input function and
the difference between the simulation with the full model and the reduced model. As expected,
the temperature rises very steeply at the beginning to saturate after some time. Comparing the
simulation of the full model with the reduced model, small deviations can be seen. However,
while the overall error remains very small, a peak can be seen in the error at the first time-step,
where the response curve is steepest.
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Figure 4.2: Step response, a) 2D anemometer, b) 3D chip cooling

Choosing a step response has one major advantage; since a step consists of the whole harmonic spectrum the error introduced for a specific frequency will be notified here also. Or,
stated differently, all other input functions tend to show a smaller error than that of the step
response.
Since the process of model order reduction basically is a moment matching approach, i.e., an
approximation of the transfer function the most appropriate way to rate the quality of the reduced
model is to compare the frequency sweep of the reduced and the complete model (figure 4.2).
While very good agreement can be seen at the heater positions, the results at the outlets show
a clear deviation above 200Hz (anemometer) i.e. 400Hz (chip cooling). This fits very well with
the results from the transient analysis, where the biggest disagreement could be found for rapid
changes (i.e., high frequencies).
However, if very fast (i.e., high frequency) effects have to be taken into account, this behaviour
can be further improved with multi-point matching [5, 11].
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Figure 4.3: Harmonic analysis a) 2D anemometer b) 3D chip cooling

5 Conclusion
The presented paper describes model order reduction for convective thermal flow, as it can be
found in cooling systems and anemometers. Very good results could be obtained for the transient
and harmonic analysis at the heater position, the results at the output positions also show very
good agreement up to high frequencies. Sufficient accuracy in the transient results could be
obtained with resources usually needed for the stationary solution.
Therefore, we could show that the approach of model order reduction is an effective tool to
speed up transient and harmonic simulations in the case of convective thermal flow. Due to
the subsequent reduction step it becomes affordable to increase the dimension of a model by
including a stationary flow field with a given profile. The reduced models can then be used to
perform parameter variations of the input functions very cost-effectively.
Unfortunately the heat generation rate is the only available input function for the reduced
model in this case. Hence, changing the velocity, geometrical or material data makes it necessary
to repeat the discretization and thus the reduction step. However, in principle it is possible to
define the velocity on a per element basis, so this depends on the used discretization tool.
Figure 5.1 shows the typical workflow for such a variation as well as the states where input
(red) is applied or output (blue) is obtained. The approximated flow profile (by steps, in our
case) is applied in the design process, to be included in the discretization with the othe model
data, like geometry and material properties. The resulting system of differential is reduced and
computed with defined input function (U(t), heat generation rate at the heater). Results or output
of this simulation is the heat at the specified output nodes. In the presented examples especially
the heat at the source, the sensors and at the outlet are of interest. With the same reduced model
parameter variations on the input function (U(t)) can be performed. The results of this tests
are used to perform design changes. As these changes make a new discretization necessary, the
reduction step has to be repeated also. With the new reduced model the parameter variation is
performed again and so on.
However, the cost of the reduction step is comparable to the cost of a stationary solution,
that usually is affordable nowadays, so that a larger number of designs can be evaluated with
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Figure 5.1: Process flow

reasonable effort.
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